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Abstract. We consider the Hamiltonian of an atom with N electrons and a fixed 
nucleus in a very thin plane-parallel layer. Projecting this Hamiltonian on the lowest 
transverse mode we obtain the so-called effective Hamiltonian that acts on L 2 (R 2JV ) 
and whose potential part depends on the width, a, of the layer. We prove that this 
effective Hamiltonian tends, in the norm resolvent sense, to the Hamiltonian of a 
two-dimensional atom (with the three-dimensional Coulomb potential) as a — > 0+. 
Finally we demonstrate how to localize the bottom of spectrum of the initial full 
Hamiltonian with the knowledge of the spectrum of the latter one. The analyticity 
and the monotonicity of eigenvalues in a is also discussed. 



1. Introduction 

In this paper we discuss a non-relativistic quantum system of an atom confined in a 
thin planar layer of width a. We describe it by the three-dimensional atomic Hamiltonian 
restricted to the layer, i.e., we impose the Dirichlet boundary condition on the boundary 
planes. The study of confined atomic systems has a long history (|15|. from 1937, and 
[5], from 1946, deal with the hydrogen atom with a nucleus placed at the center of an 
impenetrable spherical box of finite radius), as these systems may serve as important 
models for caged and compressed atoms (see e.g. [7J [TUl H3J [12] ) or hydrogenic impurities 
in quantum dots (see e.g. [23/14]). In the references above only the confinement to finite 
regions, usually to balls, is considered. However, with prospects of mesoscopic physics 
applications and for richer mathematical properties of respective Hamiltonians (presence 
of the continuous spectrum), a hydrogen atom confined in regions that are unbounded 
in some directions has recently drawn interest. 

Namely, [4] is devoted to a hydrogen atom confined in a straight infinite tube, whereas 
in [6] a hydrogen atom in a thin planar layer of width a was studied. The present paper 
may be viewed as an extension of the results obtained in the latter source to a multi- 
electron case. Therein the so-called effective Hamiltonian was introduced as a projection 
of the full Hamiltonian to the lowest transverse mode of the Dirichlet Laplacian on the 
layer. Due to the large separation distance between subsequent eigenvalues of the Dirich- 
let Laplacian in the transverse direction (oc a -2 ), it was demonstrated that the effective 
Hamiltonian well approximates the full atomic Hamiltonian in the norm resolvent sense 
as a — > 0+. The effective Hamiltonian may be, in turn, approximated by the Hamiltonian 
of a two-dimensional hydrogen atom (with the three-dimensional Coulomb potential, i.e. 
1/distance) as a — > 0+. As the spectrum of the latter Hamiltonian is explicitly known, 
one can use it to approximate the spectrum of the full Hamiltonian. 

Let us stress that there are several new aspects that complicates a similar analysis 
in the multi-electron case. First of all the repulsive electron to electron interaction is 
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involved, but fortunately it can be controlled in similar way as the electron to nucleus 
interaction with the appropriate change of coordinates. Next we must take the fermionic 
nature of electrons into the account. Actually we will treat electrons as distinguishable 
particles and only at the end of the paper we perform reduction to the subspace of 
totally antisymmetric functions. Finally let us mention that the spectrum of a two- 
dimensional (as well as a three-dimensional) atom is not known explicitly except of the 
single electron case. Nevertheless, there are some qualitative results for two-dimensional 
atoms, in particular we will need the HVZ theorem. (See [T7] for it. Zhislin's theorem 
and the asymptotic neutrality is discussed in the same source too.) 

The paper is organized as follows. In sections [2j [3j and [4j the Hamiltonians of a 
two-dimensional atom and an atom in a planar layer, and the effective Hamiltonian, 
respectively, are introduced in detail and their self-adjointness is verified. In the next 
sections, we set the relation between these Hamiltonians. The main theorem comes in 
section it claims that the full Hamiltonian is well approximated by the Hamiltonian 
of a two-dimensional atom as a — > 0+. Therefore the two-dimensional atom, which is 
a kind of mathematical construction, may be viewed as a limit of a physical system of 
an atom compressed among a pair of parallel planes. In this context, let us remark that 
the two-dimensional hydrogen atom (with the three-dimensional Coulomb potential) is of 
continuous interest in the literature (see e.g., |16 | l21 | l3ll8]). and here we provide rationale 
for it. 

Section [5] is devoted to localization of the point spectrum of the full Hamiltonian and 
to analycity of its eigenvalues in a. In the last, Oh, section we discuss the ferminonized 
versions of the Hamiltonians and we conclude that the approximation results remain 
valid. 



Consider N mutually interacting electrons with the unit charge and mass in the field 
of a nucleus with the atomic charge Z > and the infinite mass. Denote by Qi = (ccj,yj) 
the coordinate of the ith electron in the center of mass coordinate system and introduce 
the following notation 



where A gi stands for the Laplacian in the ith coordinate (naturally extended on the 
appropriate tensor product that is obvious from the context). Below we will prove that, 
due to the KLMN theorem, Hn,z is a well defined lower bounded self-adjoint operator. 

Lemma 2.1. For any if) G H 1 {M. A ), it holds 



2. Hamiltonian of a two-dimensional atom 



Qi = \Qi\, Qi,j = \Qi~ Q 
Then the Hamiltonian of the system, hz,N, is given by 



Qj\- 
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Proof. With the aid of an unitary mapping U : L 2 (R 4 ) — > I? 

s — t s + t 



{U^){s,t)=^ 



V2 ' V2 J ' 

and the two-dimensional Kato inequality (see |9|, UI), 
we have 

(1) T(l/4) 4 /■ , /s-t s + t\* ^— , /s-t s + t\ , , 

Since the minus Laplacian is a positive operator, 

(2) -A t <-A t -A a = -A e< - A e .. 

The same inequality holds for the square roots due to the operator monotonicity of the 
function x *— > x p , < p < 1. Passing back to the variables (gi, Qj) in ([TJ, the assertion 
of the lemma follows. □ 

Proposition 2.2. Denote 

N 

v 2D = -E-+ E — • 

i=l l<i<j<N ^ J 



Then for any e > and ijj E ^(R 2 ^ 

It 
and 

(3) M@(h N>z )>-(^^-VNz\ . 

Proof. Let ip (with the variable A = (Ai, . . . , Ajv)) stands for the Fourier-Plancherel 
image of ip. Then by the two-dimensional Kato inequality, 

(4) 

< ^l^-Zs/NU\\\\Vn < T -^tz^fN{e\\Vi,f + e- 1 \ 



, i 

4vr 2 " v " Imi " v ^ - 8vr 2 " 
Using Lemma 12,11 we obtain in a similar manner as above 



< (iv - 1)(^ E i A ^> < - ^ ( e ii v ^n 2 + ^ii^ii 2 ) • 
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Neglecting the positive part of V2D, the lower bound (J3j) follows from the KLMN theorem. 

□ 

Remark 2.3 (Spectrum of /ijv,z)« The spectrum of Hm z is of course explicitly known 
only if N = 1. In that case |25| |6], 

o~p{h,z) = j- QN- 1)2 ' ^ G N | ' ^essOi.z) = cr oc (^i,z) = [0,oo). 
For N > 1 we have at least HVZ theorem (see |22j . |17j ) which states that 

o- ess (hN,z) = [inf a(h N - lt z), 00). 
See |17] for some more results. 

3. Hamiltonian of an atom in a layer 

Let fl a = M 2 x (—a/2, a/2) with a > 0. Consider a three-dimensional atom with iV 
electrons and and with a nucleus of the infinite mass and of the charge Z > restricted to 
f2 a by imposing the Dirichlet boundary condition on the boundary planes. For simplicity 
let us put the nucleus to the origin. Then the Hamiltonian, Hfj Zl of this system acts on 

L 2 (Sl a )® N as follows, 

^— A-Ef+ E h 

i=l 1 l<i<j<N M 

where j-j = (xi,yi,Zi) S Q a is the coordinate of the ith electron, 

1 — I'll) ' 1,3 — I ' i ' j I > 
and —A is the free Hamiltonian of TV-particle system. In more detail, 

N 

-A = -^I(g)...<g>A r . < <g>...<g>I 
i=i 



Dom(-A) = (Hl(n a )nn 2 (n a )y 



where A r . is the Laplace operator on L 2 (Q a ) (in the variable r^) with the Dirichlet 
boundary condition. Below we will find the domain of self-adjointness of Hf^ z . 
Put 

N 

v = -E?+ E ± 



1=1 T% l<i<j<N r% > 3 



Then 

N 



i=l ^ ' l<i<j<N 

Take t/j £ [7io(^a) n 'H 2 (fi a ))^ 7V . Recall that the Hardy inequality (see e.g. [21]) states 
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for any u G T> 1 ' 2 (R 3 ), and that W.l(Q a ) may be naturally embedded into P 1 ' 2 (M 3 ). Thus 
we have 

HrfVll 2 <4||V ri V|| 2 = 4(V,-A r ^). 

Similarly we obtain 



11^*1 2 V 7 !! 2 = / i — 7K\^(r 1 ,...r N )\ 2 dr 1 ... dr N 



= [ /Ar / -^\'ilj(u + t,t,r 3 ,...r N )\ 2 dudtdr 3 ... dr N 

JUa { ' JR 2 x(~a/2-t z ,a/2-t z ) \ u \ 

<4/ / |V u V( w + M,r 3 ,...rjv)| 2 dt4dtdr 3 ... drjy 

Jn^ (iY " 1) J« 2 x(-a/2-t z ,a/2-t z ) 

= 4 / |V ri ^(ri, . . . r N )\ 2 dn . . . dr w = 4<V>, -A P1 ^). 



Here i 2 stands for the z-component of vector t. 
We conclude that 



|| W|| 2 < 4 (ViV + (N - 1)) (V, -A^> 

(2Z 2 iV + iV(iV - l) 2 ) (e 2 || - A^|| 2 + e~ 2 ||^|| 2 ) 
for any e > 0. Hence Hff z is self-adjoint on 



(6) 

< 



Dom(fTft )Z ) = Dom(-A) = (Wj(fi a ) D W 2 (fi a ))® 
by the Kato-Rellich theorem. 

4. The effective Hamiltonian 
Decompose the kinetic part of Hff z with respect to the transverse modes, 
N N 

-A=^-A ri =j: 

i= 

where E% = (nir/a) 2 and 



i=l i=l 

2 



0(-a s ,+£;)®um 



n=l 



2 I cos ^ if n is odd 
a 1 sin if n is even. 

The effective Hamiltonian, H® s , is defined with the aid of the projection on the lowest 
transverse mode, 

N 
i=l 

as 

ttcl jja Tja jja 

H eS - r ri N Z r . 
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It is well defined on Dom(i/^ r z ) as Dom(i/^ r z ) is invariant under P a . Moreover, 
P a Dom(H% z ) is naturally isometric to H 2 (E. 2 )® . Thus we will view as an op- 
erator on L 2 (M. 2N ) with the following action 

N N 

H a cS = Y,-^+NE a 1 -ZY J V e a n {g l )+ Y, V ^i,i) 

i=l i=l l<i<j<N 

and with domain T-L 2 (M. 2 )^ N . Here the "effective potentials" are defined by 

4 r /2 cos 2 ^ 

*&(<?) = -/ -JT==2^ 
a Jo V 6 + s 

4 ,a/2 ra/2 CO s 2 — COS 2 — 

K a M = - / / ° ° ds dt. 

« 2 ./-a/2 ./-a/2 V£> 2 + (s - t) 2 
Below we will prove self-adjointness of H%. At first we need to know L p -properties of 
the effective potentials. 

The properties of V£ n are extensively discussed in [6] (therein V£ n is called V3f), but 
we will also summarize some of them here for the reader's convenience. At the same 
time, for V® e one directly verifies, 
Asymptotic behavior 

Vee(o) = — h O f — o | as ^ — > oo (the same as for VI") 
Q \B 6 J 

3 4 

VzXq) = In g + 0(1) as g — > + (the leading term for VJL is In g) 

a "a 



Scaling properties 



V e a e (g) = -V e \ (- ) (the same as for V? nl 



a \a 
Bounds 

(7) < VfL(g) < - (the same as for V e a J. 

Q 

Moreover V® e is strictly decreasing. 

With these results in hand, it is easy to see that the potential W ee defined by W ee (g) = 
1 - gV} e {g) is L 1 ^, d^-function and < W ee < 1. The same holds for W en defined 
just by interchanging ee -H- en. Consequently, we can apply [6j Lemma 5] to them. Here 
we reproduce this result in a slightly modified form. 

Lemma 4.1. Suppose W G L 1 (R + ,dg) and < W < 1. Put 

(8) V W - I (l -*(£)),.><>. 

Then for any a, < a < 1/2, one has 

||(-A 2D + 2)- 1 / 2 (fT 1 - V a ) (-A 2D + 2)- 1 / 2 !! 

(9) r f t \ 1/2 



<2V3a|lna|/ W(g) dp + 4>/2 a ( / W(g)de 
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Above A 2 £> stands for the two-dimensional Laplacian. 
Furthermore, one can easily observe that 

-2/ttj2\ , roo/ Tn) 2\ 



V V f= T, 

v em v ee ^ 



! ) + L c 



Hence in the similar manner as in the three-dimensional case (see |18[ Theo X.16]) it 
follows that H® s is self-adjoint on ^ 2 (R 2 )® JV due to the Kato-Rellich theorem. 

Remark 4.2 (Spectrum of H® s ). Due to fflj), o~(H£ s — NEf) has a lower bound given by 
the RHS of ([3p. Moreover from the HVZ theorem follows that [NEf, oo) C a ess (H^ s ). 

5. Approximation of the effective Hamiltonian by the two-dimensional 

atomic Hamiltonian 

Observe that single-particle potentials that are controlled by the two-dimensional free 
particle Hamiltonian, —A 2 d, are also controlled by the full free Hamiltonian, —A. The 
same holds true for electron-to-electron interaction terms (that are only functions of the 
mutual distance) as they may be viewed as single-particle potentials with the appropriate 
change of coordinates. Indeed, for £ > 0, 

which implies 

(-A+er 1 < (-Awj+e)- 1 ®!, 

since the function x 1— > — x~ l is operator monotone. In particular for all ip G Q(V I), 
where V > and Q(V) = Q(-A 2D ) = n\R 2 ), 

(i/f, VV®i (-a + o^WWs. i;) < (i;, [W (-a 2D + e)~ W] ® I V) 

from which it follows 

|| Vv®i (-a + o^Vv^iw < \\W {-a 2D + 0' x ^y\\ 

or equivalently 

(10) ii(-a + zy 1/2 (v ® i)(-a + er 1/2 n < u-a 2D + o~ 1/2 v(-a 2D + er 1/2 u. 

Let us denote 

N 



ya 



E 



1 \M / l<i<j<N Vt/ * J 



Then with the aid of the above, we get the following proposition. 
Proposition 5.1. For any < a < 1/2, we have 
||(-A + 2)- 1 / 2 |r a |(-A + 2)- 1 / 2 !! 

(11) " I V4 

+ 4V2 Z V I 7 ] + 



7T^ 



+ 



1 



1 



7T 



1/2 



5 

1 

3 



a| lna| 
4vr 2 
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Proof. By the triangle inequality and (|10p . 

||(-a + 2)- 1 / 2 |r a l(-A + 2)- 1/2 || 

<ZN\\(-A ei + 2)- 1 l\g- 1 1 - V e a n ( Ql ))(-A ei + 2)- 1 /2|| 

+ (f) ||(-A ei - A Q2 + 2)- 1 /2(^-i _ K a e (^ li2 ))(-A, 1 - A e2 + 2)-V2| 

In the second term we may estimate with the aid of ([2]) (t = 2~ 1 / 2 £i j 2) as follows, 
||(-A ei - A g2 + 2)- 1 /2 ( ^-i _ V^ 1)2 ))(-A ei - A g2 + 2)- 1 /2|| 

< ||(-A t + 2)- 1 /2(^-i _ v? e {eiM-^t + 2)- 1 / 2 !!. 

Since 



•A ei , 2 +2) 1 / 2 (-A t + 2)- 1 /2|p 



-A ei , 2 +2) 1 /2(_A ei . 2 + l)- 1 /2|| 2 = li 



l ei,2 ' */ v "it*,/ n — giiv "ei,a 
we obtain 

||(-A ei - A Q2 + 2)~ 1 /\g^ - K a e ( a ,2))(-A ei - A 82 + 2)- 1 /2|| 

< ||(-A eii2 + 2)- 1 '\ e ^ 2 - v^Q X M-^a + 2)- 1/2 

Now we may use Lemma 14,11 which yields 

||(-a + 2)- 1 / 2 |r a |(-A + 2)- 1 / 2 !! 

<2\/3 



w en ( e ) d^ + (^j ^ w ee (£/)d^ 



+ 4^2 



The integrals of W en and W ee may be evaluated using Fubini's theorem, 

1 1 
4 ~ ^ 

I 5 
3 ~ 4^2' 

which completes the proof. 



a\ In a\ 

1/2 



a. 



W en (g) dg 
W ee (g)dg ■■ 



□ 



Further we will need an estimate formulated in the following auxiliary lemma that in 
fact is a standard result (see for instance, |19| Chp. XI]). 

Lemma 5.2. Assume that A is semi-bounded, A -1 exists and is bounded, C is self-adjoint 
and A form bounded. If 

a=\\\C\^\A\' 1/2 \\<^ 
then (A + C) _1 exists, is bounded and 



||(a + a)- 1 - A- 1 )! < 



l-Q 2 
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Theorem 5.3. Let djv,z(£) stands for the distance of £ from cr(hff t z). Then for every 
£ 6 Res(/tjv,z) H M. there exists ao(£) > (which is given within the proof) such that for 
all a, < a < ao(£), one /ias £ G Res(iTg fl — NEf) and 

\\(H^-NEt-0' 1 -(h N , z -0~ 1 \\ 

< T -^ 7 -rmaxil,— 1 C 1 (N,Z) 2 C 2 (N,Z)a\\na\, 



dN,z{i) I ' d N>z (£) 

where ju < (inf o~(htf z) ~ !)• ^ e constant C±(N, Z) and C 2 (N, Z) are given in M3\) and 
f[14\ ), respectively. 

Proof. In Lemma 15.21 we set 

a = h N , z - e, c = r a . 

Then = d NjZ (t)~ l and 

a 2 =\\\h N ,z - t\- l/2 \y a \\h N , z - t\- l/2 \\ < \\{h N , z - v) 1/2 \h N ,z - el~ 1/2 || 2 
x ||(-A - M ) 1/2 fe - ^)- 1/2 || 2 ||(-A + 2)V2(_ A - M )-V2||2 
x ||(-A + 2)^ 1 / 2 |r a K-A + 2)- 1 / 2 || 

where fi is chosen smaller then (inf c r (hj^ t z) — 1) > — co (due to the HVZ theorem n < —2). 
With the aid of the functional calculus, we have 

||(-A + 2) 1 / 2 (-A-^)- 1 / 2 || = 1 

and 

\\(h N ,z ~ ^ 2 \h N ,z ~ ^ 2 \\ 2 = sup ^<max{l - ^-1. 

\ecr(h N ,z) l A ~ ?l I d N,z{t.) J 

To find an upper bound for the norm of L := (—A — /i) 1//2 (/ijv..z — m)~ 1//2 ) we imitate the 
proof of Lemma 4 in (but now the total Coulomb potential, V 2 d, changes its sign), 



||L^|| 2 = ty, L*Ltp) = Uf + ({h N>z - ^r 1/2 4>, (-V 2D )(h N ,z - nY 1/2 4>) 
4vr 2 



(12) < II^H 2 + ^l^zVN((h NyZ - ^)~ 1 / 2 ^, v^fe - li)- 1 ' 2 ^) 



<W\ 2 + ^^zVN\\(h N , z -^ 2 



Here we made use of (gj) and the fact that ^/^A < V~A - ju, for // < 0. With our choice 
of /i this implies 



| L ,.< 1 + E0W^ w 

47T 2 



So we have that 
(13) 
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Using Proposition 15. 1| we conclude 



a 2 < max i 1, - — ^— I d(N, Z) 2 x [RHS of QJ]. 



d N ,z(0 

Moreover, for a < e _1 , we have 

RHS of (HH < C 2 (iV, Z)a\ In a 

with 

(14) C 2 (N,Z) := (2V3 + 4V2) 



4 ir 2 J \2 J \3 4vr 2 J 

For any £ 6 Res(fa/v,z) H R, there is ao = ao(£) such that for all a, < a < ao(£)> one 
has a 2 < 1/2. For definiteness, we put 

and we set ao(£) = min{e~ , 5o(£)}j where ao = «o(0 is t ne solution to 
(16) maxil, - ~ tl .A c 1 {N,Z) 2 C 2 (N,Z)tio\\nao\ = 1/2. 



The assertions of the theorem now immediately follow from Lemma 15.21 □ 
Remark 5.4. Under the assumptions of Theorem \5.3\. we have 

\\(h* s - NEf - er 1 - (h N , z - o — x 11 < life - 

which, by the functional calculus and the triangle inequality, implies 

1 2 

< 



(17) 4ff(£) = dist(£,cT(# e a ff )). 

6. Approximation of the full Hamiltonian by the effective Hamiltonian 

Let us introduce the following notation, 

Q a = 1 - P a , H a ± = Q a H% z Q a , Rl{£) = (H a ± - f)" 1 . 

Here, is well defined on Dom(Hff z ) as Dom(ff^r^) is invariant under Q a . In what 
follows we will view as an operator acting on RanQ a with domain Q a Dom(£/^ z ). 
Furthermore, put 

W a (0 = P a VQ a R a ± (0Q a VP a , Rf s (0 = {H& - W a (0 - 0" 1 , 

where 

V = V en + V ee 

with 

TV 



Z ^ 1 
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With respect to the decomposition L (p, a )® = Rani-" 1 © RanQ a , we have 



zja 

n N,Z 



P a H a NZ Q a 

Qa it a rya zja 



P a VQ a 

Qa V pa R a 



The second equality follows from the fact that P a commutes with — A. By direct inspec- 
tion one arrives at the so-called Feshbach formula, 



(18) 



R 



cff 



Rf s P a VQ a R° i 



-R a L Q a VP a R% s R a ± + R a L Q a VP a Rf s P a VQ a R° A 

which holds for those £ £ C such that R°^ (£) and R^(£) exist and are bounded on RanQ a 
and RanP a , respectively. 

From now on, consider N > 2. 

Proposition 6.1. Let < a < \/3tt/[2N(N - 1 + 2Z)\, £ < NEf, and £ $ <?(H^ - 
W a {£)). Then £ £ Res(H% z ) and 



(^,z-0 _1 -^®o||< 



2Na 



V3n df s (0 



.(tf-l + 2Z)(l + ^(tf-l + 2Z)) + g. 



where 



df s (0 = dist(£,a(H- s -W%0))- 



Proof. The proof is intensively inspired (as well as its single-electron version [6] ) by the 
similar one in [2]. 

With the help of the following formula, 

° A , £)||' = MAt|| = |Af, 

one derives the estimate 
(19) 

\\(H^ Z - O" 1 - Rf s (0 © 0|| < \\Rf s P a VQ a Rl\\ + \\R\Q a VP a Rf s P a VQ a R a 1 _\\ + \\R a ± \\ 

<-L\\VQ a RlUl + \\VQ a R<i\\) + \\Rl\\. 

"eff 



It remains to bound ||VQ a i?" || and \\R± 
Since 



T± := Q a (-A)Q a >(N- l)El + E% = NE^ + 



3vr 2 



we have 
(20) 



0<R := (T ± -0^< 



a 



3tt 2 ' 

.1/ 
o 



Further let us estimate || VQ a i? 1/2 || = ||i? 1/2 Q a V 2 Q a -R 1/2 || 1/2 . As V 2 < V 2 n + V e 2 e , we 
can estimate the en and ee terms separately. 

II 1/2|| 

Bound for \\V en Q a R : The following estimate, 



7 2 

V 2 < — 

en - 2 



/ ( ^2 „2 ) ^ ^ ^.^ 



r 2 
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together with the Hardy inequality (|5|), implies 

Rl ,2 Q a V 2 en Q a Rl /2 < AZ 2 N R^ /2 Q a (-A)Q a R^ /2 = 4Z 2 N(Q a + £i? ) 
< AZ 2 N(1 + N/3) < AZ 2 N 2 , 

whenever N > 2, and so 

(21) ||V en Q a i? 1/2 || < 2ZN. 

ii 1 /2 1 1 

Bound for \\V ee Q a R^' \\: In [2j Lemma 3.2] it was deduced that 

4-<2(-A ri -A r .) 

hi 

in M 3 . The same holds true in £l a . Using this inequality we have 

V le<\ E {^ + j r )<N{N-l)Y^{-^-K ] )=N(N-l) 2 (-^ 

i<j,k<l l >3 k,l i<j 

and so, in the same manner as for the en part, 

(22) ||V ee Q a i? 1/2 || < N(N-l). 
Bound for \\R a ± \\: From ([20]), (EI]), and ([22]), it follows 



{R l J 2 Q a V en Q a R]) 2 ) 2 — Rq^ 2 Q a V en Q a RoQ a V en Q a R^ 2 < - f — - — ^ 
and consequently 

kv w» < ^ + NiN ~ 1)a = - 1 + 2zy 

V3vr v37r v3vr 

For a small enough, this bound is smaller then one, and so by the symmetrized resolvent 
formula, 

(23) RKO = (T ± + Q a VQ a - = Ro /2 (l + i? 1/2 Q a VQ a i2 1/2 ) ~* i? 1/2 , 
one has £ £ Res(ii") and the resolvent i?j(£) is positive. Moreover, 

11*1(011 < „ v f o11 it^- 

1- \\Rl /1 Q a VQ a Rl ,2 \\ 

For a < V3tt/[2N(N - 1 + 2Z)], 

(24) ||i23.|| < 2||12o|| < ^ . 

Bound for \\VQ a R a ± \\: With the help of ([23|) (see also the proof of [6, Prop. 10]), 

(l - Wr^q-vq-r^ ' ^» 
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The following lemma is also generalization of its single-electron version (see [6] Lemma 
11]). 

Lemma 6.2. Let < a < ^-k/[2N{N - 1 + 2Z)\. If £ < NEf, then W a {£) is positive 
and 

||(-A + ar^QC-A + a)-V»|| < Hl^! + a 
for any a > 0. 

Proof. In course of the proof of Proposition 16.11 we demonstrated that under the as- 
sumptions of the lemma, R°\ (£) is positive and so is W a {^). Moreover, using ([240 we 
get 

< = P a Vg a i?lQ a VP a < —P a V 2 P a < ^P a (V 2 en + V 2 ee )P a 

^ \ i= i r * V 2 / i<i<i<iv r HJ / 



Since 



and 



1 2ir 
pa_pa < ^ gee [gj Lemma 11]) 



a/2 a/2 a/2 a/2-t 

„» 1 „ iff cos 2 ^ cos 2 2* , , 4 /• /■ dsdt 



r 2 - a 2 J J Qlj + (s-t) 2 ' a 2 J J gjj + s 2 

-a/2 -a/2 -a/2 -a/2-t 



< 

a 

o 

we conclude 



oo 

8 /" ds 4vr 



a J S 2 j + s 2 aQij 



by the Kato inequality (see also Lemma [2.ip , 
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Passing to the Fourier image (with the same notation as introduced in the proof of 
Proposition I2.2|) , we have 

<* *"«>*> £ (*'• ( z2 E w + ^ E 

< r(l/4) 4 iVa , (iV-1^ 2 



3^ 3 



r(l/4) 4 iV 3 / 2 a / 2 (iV-l) 2 x ; /— -— . 



The lemma now readily follows, since 

IK-A + aJ-^v^AC-A + a)" 1 / 



sup 

Ag[o,oo) ^ + a 2V« 



□ 



Proposition 6.3. Suppose that £ E Res(ff" ff ) flK. If a < ai(£) introduced 

in the proof below), then £ ^ a(H^ — W a (^)) and 



w/iere d e ff (£) * s defined by Ul\) and fj, < inf a(H® s ) — NEf — 1. 

Proof. Due to Remark /i < -1 and £ < iVE?. 

We will proceed as in the proof of Theorem 15.31 Apply Lemma [5.21 with A = H%? — £, 
C = i.e., 

a 2 = iito - £r 1/2 *Hi?3r - er 1/2 || 

(25) < ||(-A - j u)- 1 / 2 )T a (-A - n)~ 1,2 \\ ||(-A - ^) 1/2 (iP4 - WE? - ^)" 1/2 || 2 



Note that W a {^) is positive under the assumptions of Lemma 16.21 

The upper bound for L := (—A — ^) 1//2 (ff" ff — NEf — ^) -1 ^ 2 is the same as that for 
the operator L in the proof of Theorem 15.31 Indeed, since 

- 7 

_pa V pa < p"V en P a < V — 

we arrive at (|12p with L replaced by L, V2D by P a VP a , and hjsr 7 z by H£ s . Consequently, 

(26) ||L|| = ||(-A - /i) 1 / 2 ^ - NEt - /i)- 1 / 2 !! < d{N, Z). 
Furthermore we observe that 

(27) \\{H% S - NEf - ^ 2 \H« S - CI- 1 / 2 )! 2 < max jl , ^} 
by the functional calculus. 
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Putting 025 p . (|26p . (|27p . and Lemma[6]2]together, we deduce that there exists a positive 
a i = a i(£) such that if a < ai(£), then a 2 < 1/2. This according to Lemma 15.21 implies 
that £ g a(H£ s - W a {£)) and 

■2 



(28) 



fl5(0-(fl3f-0 _1 ll< 



2a 2 



d eS (0 



To make ai(£) definite we put, as in (fl~5 

fi = -N 



r(l/4) 4 Z N 2 



1. 



and define ai(£) as the unique solution of 
T(l/4) 4 iV 3 / 2 ' f*r_i\2 



(29) 



67T 3 - v / — /i 



/2 



max 



□ 



Theorem 6.4. Let £ e Res(i^) n R. // 

a < min {V3n/[2N(N - 1 + 2Z)}, a x (£)} , 

where ai(£) is defined by A29\) . then £ S Res(-£A^^) and 
(30) 

iK^z-o-'-TO-er'eon 



< 



4ff(C) 



8iV 



where 



C 3 (iV,Z) := 2C7!(iV,Z) 2 



(JV - 1 + 2Z) + C 3 (iV, Z) max <{ 1 

r(i/4) 4 iv 3 / 2 



67T 3 



-A* 



Z 2 + 



(iV-1) 2 



a + 



2a 2 
3^' 



and /x is given by U5\) . 



Proof. We may apply Proposition E3]that yields £ (jz a {H^ — W a {£,)). So the assumptions 
of Proposition 16.11 are fulfilled too. Thus, £ 6 Res(-£A^^). Furthermore (|28p holds with 
a 2 < 1/2, which implies 



1 2 

< 



Therefore, we have arrived at the following estimate 

IK^z-O^-^eff-cr'eon 

< \\{h% z - 0" 1 - fl5(0 © on + iiusco - - er 1 ! 



< 



8iV 
V^vr 



(N — 1 + 2Z) + C 3 (iV, Z) max ^ 1 



~A* 

4fi(C) 



a + 



2a l 



□ 
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7. Approximation of the total Hamiltonian by the two-dimensional 

atomic Hamiltonian 

Theorem 7.1. Let £ G Res(/ijv,z + iV£f ) n R. If a > fulfills 

a < oa(0 := min {e"\ ^vr/[2iV(iV - 1 + 2Z)], a (£ - NEf), a 2 (£)} , 

where ao(£) is defined by U6}) and a>2 = 02(C) is i/ie solution to 

C 3 W Z )m ax{l, ^--^_ } a2 = 1 

with \x given by M5\) . then £ G Res(-ff^f^) anc? 

ll(ffSi,z - {)"' - Cw,z + w^f - «)"' ©0|| 



2 

+ 



d N ,z(Z- NE i) 



8N -(N - 1 + 2Z) + C 3 (iV, Z) max (l, 2/ ' 



2a 2 



VStt 7 v ' ' I 'd NtZ (£-NEt) 

Proof. Due to the bound on a we may apply Theorem 15.31 with £ — NEf substituted for 
£. It implies that £ G Res(ifg ff ) and 

(31) 

IKH^-O-'-ih^z + NEf-O-'W 



Moreover, by Remark 157 

1 2 
(32) -A, < 



rfaffCO " d NiZ {£-NE?) 

Therefore, ci2(£) — a i(£)> so the assumptions of Theorem I6.4I are also fulfilled. Thus we 
have £ G Res(i^^r^). Observe that 

(33) 

\\(H%,z - C)" 1 - (^,z + ^ - 0" 1 © OH <ll(#ft,z - O' 1 ~ (#3r - 0' 1 © 0|| 

+ II (#3r - er 1 - (^,z + A^ a - 

Putting this together with (|3Up . (|3ip . and (|32p finishes the proof. □ 

Remark 7.2. // we set £ = iVE 1 " + S with some fixed 5 G HesQiN z), then as does not 
depend on the parameter a, in fact it depends only on djv z(S). 

8. Properties of the eigenvalues 

8.1. Localization. Suppose there is an isolated eigenvalue of h^,z with a finite multi- 
plicity, let us say A. If we set £ + := NEf + A + d with < d < dist(A, a(h N)Z ) \ {A})/2, 
then g?jv,z(£+ — NEf) = d and in the view of Theorem 17.11 and Remark 17.21 there is 
Omin(^) > such that for all a < a m i n (d) we have 

(34) \\(h% z - e+r 1 - (h N>z + NEf - e+r 1 © on < K{d) a \ i na |. 
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Let us stress that the value of K(d) £ M + , as well as that of a m i n (d), depends only on 
d, N, and Z, but not on the particular eigenvalue A or the value of a. 

Furthermore, let V stands for the anti-clockwise oriented circle with center NEf + A 
and radius d. Following the same reasoning as in the concluding remarks of [2] we can 
propagate fj34[) to all £ G T, 

, (% - r - te + ^- 9 -.e,,, I » 

(for a small enough so that 6dK(d) a\ In a\ < 1). Consequently we arrive at the following 
estimate for the difference of the projections V\ and Vi onto the spectrum of H% z and 
h>N z + NEf, respectively, inside T 

\\Pi - 7>2 e o|| = J (H a NtZ - o _1 - (h N>z + nei - e)" 1 e o de 

^ 9dK(d)a\lna\ 

~ 1 — 6dK(d) a\ In a\ 

The RHS of (135 p is strictly increasing on some sufficiently small right neighborhood of 
and it tends to zero as a — > 0+. Consequently a m ; n (d) exists, < a m ; n (d) < a m i n (d), 
such that for all a < 5m in (cO, 

\\Vl - V2 eo|| < 1. 

Therefore, for these values of a, in the d-neighborhood of (A + NEf) there is the exactly 
same number of eigenvalues (counting multiplicity) of Hfj z as the multiplicity of A in 
the spectrum of h^^z is- 

The idea above may be applied on a finite cluster of successive eigenvalues, Ai . . . , Xm, 
of h]\[ t z- We just take d sharply smaller than a half of the minimum of isolation distances 
of all Aj. Moreover we may perform the similar estimates as above on intervals [Aj + 
d, Aj+i — d] (in particular we change A for (Aj+i + \i)/2 and d for (Aj+i — Aj)/2 — d) to 
conclude that for a sufficiently small there are no eigenvalues of H 1 ^ z in these intervals. 

8.2. Analyticity. Consider a unitary mapping U a : L 2 (0 o )® — > L 2 (Qi)® N acting as 

(C/ a ^)(xi, . . . ,xat) = a 3/2 ^(axi, . . . ,ax N ), 

then 



U a H kz Ul = i -A - £ ^ + £ £ = ^(-A + aV) =: JBJ 



= 1 i<i 



'J 



Observe that 

• For all a > 0, Dom(i^) = (ft^i) n ^ 2 (^i)) = Dom(-A) =: @. We can 
also extend the definition of this operator to a £ C \ {0}. It is well defined on @ 
due to the Hardy inequality. 

• For all do ^ and i/j £ 0, Hfj z ip has a derivative with respect to a, 



and so a i— > ^ is analytic. 
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• For a G C, (|6]) implies 

(36) ||oV|| < \a\ (2Z 2 N + N(N - l) 2 ) 1 ' 2 (e|| - A^|| + e _1 ||^||). 

Thus aV is infinitesimally — A-bounded. As —A is closed, the same holds true 
for the first operator (see e.g. Theorem IV. 1.1] for a simple proof). 

• From (|36jl it follows 

||aV|| < \a\ {2Z 2 N + N(N - 1) 2 ) 1/2 (e||(-A - + + ^DM) ■ 

If £ < NE{ = Nit 2 then £ G Res(-A). [IT] Theorem IV.1.16] says that £ also 
belongs to the resolvent set of — A + aV whenever 

\a\ (2Z 2 N + N(N - 1) 2 ) 1/2 ((e^ 1 + e|£|)||(-A - O^ll + e) < 1. 

Since ||(-A - = (Ntt 2 - ^)~ 1 this can be achieved with e = |£|~ 1/2 and £ 

sufficiently negative. Thus the resolvent set of z is non-empty. 
So here comes the main result of the section. 

Proposition 8.1. H% z forms an analytic family of type (A) on C\{0} and consequently 
it forms an analytic family in the sense of Kato, see [20, Theorem XII. 9]. 

Consequently the (analyticity) statement [201 Theorem XII. 8] holds for the non-degenerate 
isolated eigenvalues of the operator z . In particular it says that if, for some do > 0, 
there is an non-degenerate isolated eigenvalue of Hj^ z , then for a near ao there is exactly 
one isolated non-degenerate eigenvalue of z near this eigenvalue of Hj^ z - 

Remark 8.2 (Monotonicity of the eigenvalues). In the exactly same manner as in [3], 
one can prove that the eigenvalues of H% z (if there are some) are strictly decreasing 
functions of a. 

9. Reduction on fermionic subspace 

As the physical electrons are fermions, we should reduce the Hamiltonian Hat z to 
the fermionic subspace A N L 2 (£~l a ) (the symbol A stands for the antisymmetric tensor 
product). To do so we introduce a projection P AS on L 2 {£l a )® as follows, 

(P AS tf))(ri,. . . ,r N ) = ^ Yl sgno " ^( r <x(i)>---'MA0)- 

ct£Sn 

Remark that this projection commutes with H% z , i.e. P AS H^ Z C H% Z P AS ■ On 
T)om(H^T z ), we define the 'fermionized' version of Hamiltonian H 1 ^ z by 

Tja r>AS jra r>AS jra ryAS 

n N,Z,{ ■— r n N,Z r — n N,Z r 

It is convenient to view Hfr z f as a restriction of H% z to P AS Dom(Hfr z ) acting on 

p AS L 2 (n a )® N = A N L 2 (n a ). 

Then Zi '\s self-adjoint due to the following observation. 

Lemma 9.1. Let H be a self-adjoint operator on a Hilbert space ffl and P be an orthog- 
onal projection on Jtf. If 
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(1) PDom(H) is dense in PJf 

(2) PH C HP, 

then Hp := -ff|pDom(_ff) * s self-adjoint on PJff. 

Proof. From the first condition and the self-adjointness of H, it follows Hp C Hp. Next 
we have Kan(Hp ± i) = PKan(H ± i) due to the second condition. But Kan(H ± i) = r Jtf? 
by the self-adjointness criterion. By the same criterion we arrive at the assertion of the 
lemma. □ 

Similarly we define the fermionized versions of H£ s and hN,z on domains Dom(H£ s ) 
and Dom(/i7v,z)) respectively, 

jjcl pAS pa j_^a papAS pajja papAS 

h>N,Z,i = P2D^N,zP-2D = h^zP^D 'i 

where P^pj acts in the same manner as P AS but on the Hilbert space L 2 (M. 2 )® N . The op- 
erator ffggf may be viewed as acting on A N L 2 (R 2 ) with the domain P^pDom(H^) and 
the same action as H£ s . An analogical statement holds true for /ijv.z.f- Self-adjointness 
of H® Si and hN,z,i then again follows from Lemma 19.11 Moreover, H^^ and h,N t z,f are 
bounded below with bounds above the lower bounds of H^ and h^,z^ respectively. In 
particular we have 

h N)Z ,i > n + 1, #cff,f " NE i >^ + 1 

with ii given by (|15p . 

Going carefully through the proofs of Theorems 15.31 16.41 and 17.11 (and the related 
lemmas) one concludes that these theorems remain valid for the fermionized versions of 
operators too, if we everywhere interchange d e fr(0 and cLn,z{Q f° r <4ff,f (£) anci rfjv,z,f(£)> 
respectively. Here we introduced 

4ff,f(£) = dist(£, o-{HZ S j)), d Ni z,i{§ = dist (£> °( h N,z,i)). 
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